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ABSTRACT
We compare the efficiency of weak lensing-selected galaxy clusters counts and of the weak lensing
bispectrum at capturing non-Gaussian features in the dark matter distribution. We use the halo model
to compute the weak lensing power spectrum, the bispectrum and the expected number of detected
clusters, and derive constraints on cosmological parameters for a large, low systematic weak lensing
survey, by focusing on the Ωm-σ8 plane and on the dark energy equation of state. We separate the
power spectrum into the resolved and the unresolved parts of the data, the resolved part being defined
as detected clusters, and the unresolved part as the rest of the field. We consider four kinds of clusters
counts, taking into account different amount of information : signal-to-noise ratio peak counts; counts
as a function of clusters’ mass; counts as a function of clusters’ redshift; and counts as a function of
clusters’ mass and redshift. We show that when combined with the power spectrum, those four kinds
of counts provide similar constraints, thus allowing one to perform the most direct counts, signal-
to-noise peaks counts, and get percent level constraints on cosmological parameters. We show that
the weak lensing bispectrum gives constraints comparable to those given by the power spectrum and
captures non-Gaussian features as well as clusters counts, its combination with the power spectrum
giving errors on cosmological parameters that are similar to, if not marginally smaller than, those
obtained when combining the power spectrum with cluster counts. We finally note that in order to
reach its potential, the weak lensing bispectrum must be computed using all triangle configurations,
as equilateral triangles alone do not provide useful information. The appendices summarize the halo
model, and the way the power spectrum and bispectrum are computed in this framework.
Subject headings: cosmological parameters - large-scale structures - weak gravitational lensing
1. INTRODUCTION
Since its first detections in the early 2000’s
(Bacon, Refregier & Ellis 2000; van Waerbeke et al
2000; Wittman et al. 2000), weak gravitational lensing,
the coherent distortion of distant galaxies by inter-
vening dark matter, has become a premier tool to
constrain the cosmological model (for reviews, see e.g.
Mellier 1999; Bartelmann & Schneider 2001; Refregier
2003; Hoekstra & Jain 2008; Munshi et al. 2008)
and has been shown to be the most promising probe
of dark energy (Albrecht et al. 2006; Peacock et al.
2006). Surveys’ optimization and systematics mini-
mizations in both software and hardware have been
investigated (Heymans et al. 2006; Massey et al. 2007a;
Amara & Re´fre´gier 2007, 2008; Paulin-Henriksson et al.
2008; Amara et al. 2009; Bridle et al. 2009), favoring
wide surveys, with well-controlled, stable Point Spread
Function, with comprehensive photometric redshift
follow-up. Those characteristics are shared by ambitious
upcoming large area surveys, such as the Large Synoptic
Survey Telescope (LSST)5, the Panoramic Survey
Telescope & Rapid Response System (Pan-STARRS)6,
1 Jet Propulsion Laboratory / California Institute of Technology,
4800 Oak Grove Drive, MS 169-327, Pasadena, CA 91109, USA ;
e-mail: Joel.Berge@jpl.nasa.gov
2 NASA Postdoctoral Program (NPP) fellow
3 Department of Physics, ETH Zurich, Wolfgang-Pauli-
Strasse16, CH-8093 Zurich, Switzerland
4 Laboratoire AIM, CEA/DSM - CNRS - Universite´ Paris
Diderot, DAPNIA/SAp, 91191 Gif-sur-Yvette, France
5 http://www.lsst.org
6 http://pan-starrs.ifa.hawaii.edu
Euclid7 and the Joint Dark Energy Mission (JDEM)8.
They will provide us with a large amount of high quality
imaging, well fitted to measure dark energy with weak
lensing. Anticipating a significant improvement in re-
moving systematics, we are left with the question of how
to best extract the cosmological information out of the
data. For instance, one must decide how to optimally
capture non-Gaussianities and break the degeneracies
between cosmological parameters as constrained by
the extensively studied and measured weak lensing
power spectrum. In this paper, we ignore primordial
non-Gaussianities, and consider non-Gaussianities due
to the growth of structures only.
The power spectrum, the Fourier transform of the 2-
point correlation function of the shear field, has been
the most used measurement so far, both from ground
(e.g. Massey et al. 2005; Van Waerbeke et al. 2005;
Jarvis et al. 2006; Hoekstra et al. 2006; Semboloni et al.
2006; Benjamin et al. 2007; Fu et al. 2008) and from
space (e.g. Rhodes et al. 2004; Heymans et al. 2005;
Schrabback et al. 2007; Massey et al. 2007b). The intro-
duction of tomography, the three-dimensional informa-
tion of the shear field, that captures structure evolution,
has tightened constraints on cosmological parameters, in
particular the matter density Ωm and the amplitude of
density fluctuations σ8 (Massey et al. 2007b). Despite its
success, the power spectrum leaves us with well known
degeneracies between parameters, that we must break by
7 http://sci.esa.int/science-e/www/area/index.cfm?fareaid=102,
http://www.euclid-imaging.net
8 http://jdem.gsfc.nasa.gov
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combining it with other measurements and/or probes.
The power spectrum capturing only the Gaussian fea-
tures of the field, it is natural to introduce measures
of non-Gaussianities, and combine them with the power
spectrum, to break degeneracies and tighten constraints.
Higher-order correlations measure the matter den-
sity field’s non-Gaussian features. The lowest one,
the weak lensing 3-point correlation function (3PCF),
and its Fourier transform, the bispectrum, have been
given a lot of attention in the past few years
(Schneider & Lombardi 2003; Takada & Jain 2003a,b,c;
Zaldarriaga & Scoccimarro 2003; Takada & Jain 2004;
Schneider et al. 2005; Benabed & Scoccimarro 2006;
Semboloni et al. 2008; Joachimi et al. 2009; Vafaei et al.
2009). However, a clean measurement of the 3PCF is
difficult, thus few papers have reported observational
measurements so far. Bernardeau et al. (2003) and
Jarvis et al. (2004) have measured the skewness, but a
full measurement of the shear 3PCFs, or of the conver-
gence bispectrum, is still to be done. Several efforts are
underway, including an algorithm to measure the conver-
gence bispectrum directly in Fourier space (Pires et al.
2009a).
Large-scale structures such as clusters of galaxies,
the result of the non-linear evolution of density fluc-
tuations, are the non-Gaussian features that we want
to take into account. Assessing their abundance as
a function of various parameters, such as redshift,
has been known as a powerful probe and used as
this for several years (e.g. Oukbir & Blanchard 1992;
Eke et al. 1998; Wang & Steinhardt 1998; Holder et al.
2001; Refregier et al. 2002; Battye & Weller
2003; Pierpaoli et al. 2003; Wang et al. 2004;
Horellou & Berge 2005; Marian & Bernstein 2006;
Gladders et al. 2007; Mantz et al. 2008; Sahle´n et al.
2009). In particular, tight constraints can be obtained
on Ωm and σ8. Because the weak lensing clusters
selection function is rapidly evolving with redshift,
counting weak-lensing-selected clusters is less sensitive
than using catalogs of X-ray, optical, or Sunyaev-
Zel’dovich (SZ) clusters. Despite this fact, constraining
cosmology is possible with weak-lensing clusters only
(Weinberg & Kamionkowski 2003; Marian & Bernstein
2006; Dietrich & Hartlap 2009; Kratochvil et al. 2009;
Marian et al. 2009; Maturi et al. 2009; Wang et al.
2009), as shown on real data by Berge´ et al. (2008).
Although such counts give weaker constraints than
the weak lensing power spectrum, combining them
with the power spectrum efficiently breaks degeneracies
(Pires et al. 2009b).
In this paper, we show how combining the weak lens-
ing power spectrum with the weak lensing bispectrum or
counts of weak-lensing-selected clusters of galaxies will
allow one to tighten constraints on cosmological param-
eters with upcoming weak lensing surveys. In particular,
we show how we will be able to measure the equation of
state w = P/ρ, where P is the pressure, and ρ the den-
sity of the dark energy, down to the percent level. While
other authors studied the combination of the power spec-
trum with cluster counts (e.g. Takada & Bridle 2007)
and with the bispectrum (e.g. Takada & Jain 2004), we
present, for the first time, a detailed and consistent com-
parison of both combinations at once.
Constraints on cosmological parameters have been
studied by several authors (e.g. Cooray & Hu 2001a;
Takada & Jain 2004; Takada & Bridle 2007). Most
constraints’ predictions have so far been made using
a fitting function for the non-linear power spectrum,
such as Peacock & Dodds (1996); Ma & Fry (2000) or
Smith et al. (2003). However, fitting functions tuned
for a ΛCDM universe must be used with caution when
one is varying w (Joudaki et al. 2009). We use the halo
model to compute the weak lensing statistics. Despite
its simplicity, it is well suited to cosmological parame-
ters prospects, since it allows us to vary the dark energy
without extrapolating fitting functions out of w = −1.
Appendix A summarizes the halo model description that
we use in this paper. The halo model allows us to de-
fine the power spectrum as the separated contributions
of the resolved and unresolved parts of the weak lensing
field. Such a separation, since it gets rid of highly non-
Gaussian features, can help improve constraints on cos-
mological parameters. We consider four different types
of cluster counts, with more or less intrinsic cosmolog-
ical information : counts as a function of shear signal-
to-noise ratio (S/N) only, counts as a function of mass,
counts as a function of redshift, and counts as a func-
tion of mass and redshit. We show that when com-
bined with the power spectrum, counting clusters just
as a function of their S/N gives constraints similar to
those obtained when combining the power spectrum with
counts of clusters taking the full mass and redshift in-
formation. We then show how the weak lensing bis-
pectrum captures non-Gaussian features and breaks the
power spectrum degeneracies as well as clusters counts.
We assume a Euclid-like survey, 20,000 deg2 wide, with
ng = 40 galaxies arcmin
−2 with median redshift zm = 1,
without any external (e.g. from CMB) priors, so as to
show what can be done with a weak lensing survey alone.
Section 2 summarizes the methods we employ to con-
strain cosmological parameters with different weak lens-
ing statistics. Section 3 presents our results. We con-
clude in section 4. Our halo model code will be made part
of the public icosmo package9 (Refregier et al. 2008).
2. METHOD
2.1. Weak lensing selection function
The weak lensing selection function for clusters of
galaxies has already been extensively studied, by using
different kinds of smoothing functions or matched-filters
(e.g. Weinberg & Kamionkowski 2002; Hamana et al.
2004; Hennawi & Spergel 2005; Maturi et al. 2005;
Marian & Bernstein 2006). We derive a simplified, ideal
selection function, based on a matched-filter approach
for the signal-to-noise ratio created by a halo. We ne-
glect projection effects and intrinsic alignments, which
have been investigated e.g. by Maturi et al. (2005),
Marian & Bernstein (2006) and Fan (2007). That selec-
tion function has been introduced, without the mathe-
matical justification that follows, and tested on real data
in Berge´ et al. (2008).
We consider a spherically symmetric weak lens, decou-
pled from its surrounding and alone along the line of
sight, characterized by its convergence κobs(θ), where θ
is the distance from its center (the convergence can be
replaced by the shear without any loss of generality).
9 http://www.icosmo.org
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Fig. 1.— Weak lensing selection function for clusters of galaxies,
in the redshift - mass plane. We assume a survey with ng = 40
galaxies per arcmin2, distributed along equation 4. Contours de-
note the S/N of galaxy clusters.
The number density of background sources is ng. We as-
sume that the noise n(θ), originating from Poisson and
intrinsic shape noise only, averages to 0 in circular shells
and that its variance in the circular shell i is given by
< n2i >= σ
2
γ/Ni, where σγ is the r.m.s error on the shape
measurement and Ni is the number of lensed galaxies in
shell i. We fit a theoretical model κ(θ) to the observable
κobs(θ) = κ(θ) + n(θ).
The signal-to-noise ratio created by the lens is defined
as the ratio of an estimator of κ(θ) to its associated er-
ror, ν =
〈
Kˆw
〉
/σ
(〈
Kˆw
〉)
. The estimator is defined by〈
Kˆw
〉
=
∫
d2θκobs(θ)w(θ), where w(θ) is a weight func-
tion to be adjusted so as to optimize the S/N. This is the
case when w = κ, giving the optimized S/N as
ν =
√
ng
σγ
√∫
d2θκ2(θ), (1)
which is consistent with previously published expres-
sions.
We will consider NFW halos (Navarro et al. 1996) only,
the S/N of which is expressed as (appendix B)
ν = 2
√
2π 〈Z〉
√
ng
σγ
ρsr
2
s
DdΣcrit,∞
√
G(c) (2)
where G(c) =
∫ c
0
dx xg(x)2 is a function of the halo’s
concentration c only, well fitted by
G(c) ≈ 0.131
c2
− 0.375
c
+0.388− 5× 10−4c− 2.8× 10−7c2
(3)
for 1 6 c 6 200, and the function g(x) is defined by
Eq. (B2). The quantity 〈Z〉 in Eq. (2) describes the
effect of the distribution of galaxy sources. In the above
equations, Dd is the angular-diameter distance to the
lens, ρs and rs parametrize the NFW halo (see Appendix
A), and Σcrit,∞ is defined in Appendix B.
Fig. 2.— Weak lensing convergence power spectrum, when one
single redshift bin is used to measure it. The black curve shows
the power spectrum when the contribution of all halos is taken
into account. Other curves make use of halos whose signal-to-noise
is less than a given threshold (the unresolved part) : νth = 3
(dashed), νth = 7 (dash-dot) and νth = 11 (dash-dot-dot-dot).
We parametrize the redshift distribution of source
galaxies by (Smail et al. 1994)
n(z) = zα exp
[
−
(
z
z0
)β]
(4)
with α = 2, β = 1.5, and z0 ≈ zm/1.412, where zm is the
median redshift of the survey.
Figure 1 shows our fiducial survey’s selection function,
in the mass-redshift plane. Contours originate from the
S/N of halos in that plane.
2.2. Weak lensing statistics
2.2.1. Power spectrum
The halo model allows us to decompose the full three-
dimensional matter power spectrum along
Pδ(k) = P
res
δ (k) + P
unr
δ (k), (5)
where P unrδ (k) is computed on the unresolved part of the
halos distribution, defined as the ensemble of halos with
S/N smaller than a certain threshold νth; P
res
δ is com-
puted on the resolved part of the halos distribution, the
ensemble of halos with ν > νth. Those names come nat-
urally from the separation made on a mass map between
peaks (defined as resolved structures with ν > νth) and
the rest, unresolved part of the map. The resolved part
can be seen as the most non-Gaussian features of the
field.
The full weak lensing power spectrum Pκ(ℓ) follows
the same decomposition. Figure 2 shows the full power
spectrum together with power spectra computed on un-
resolved parts defined by the thresholds νth = 3, νth = 7
and νth = 11. The effect of removing significant clus-
ters is mostly apparent on intermediate scales. It is less
pronounced than when cutting the power spectrum with
respect to halo masses, as shown by Takada & Bridle
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(2007), because of the weak lensing selection function,
that mixes masses when integrating the matter power
spectrum on redshift.
The power spectrum is a measure of the Gaussian
field only, and one must rely on direct measures of non-
Gaussianity to complement it, like the bispectrum or
cluster counts.
2.2.2. Bispectrum
Three point statistics are the lowest statistics to cap-
ture non-Gaussian features in a statistical field. The dark
matter and the weak lensing bispectra have been the ob-
ject of numerous studies (e.g. Takada & Jain 2004), most
commonly based on the perturbation theory on large
scales and on the hyper-extended perturbation theory
(HEPT) on smaller scales (e.g. Bernardeau et al. 2002
for a review). Here, we compare and combine the con-
straints from the weak lensing power spectrum and bis-
pectrum evaluated in the same halo model. This fills a
gap in the literature, where such constraints come from
the HEPT approximation only.
The halo model allows us to separate the contribu-
tion from the unresolved and the resolved parts of the
field when computing the bispectrum, like we did for
the power spectrum. However, discarding the unresolved
part from the bispectrum removes too much useful sig-
nal, and thus suppresses much power in the bispectrum.
Therefore, we will always evaluate the bispectrum on the
entire (resolved and unresolved) data field.
2.2.3. Weak-lensing-selected halo counts
Clusters of galaxies, tracing dark matter halos, have
emerged from the primordial Gaussian field through
non-linear gravitational clustering, and are those non-
Gaussianities that one can detect with higher order
statistics. Or one can simply estimate their abundance
to take non-Gaussianities into account. In this paper,
we concentrate on how to break the degeneracies from
the power spectrum by combining it with non-Gaussian
features. As a result, we will not focus on the constraints
that halo counts alone can bring, but on how they im-
prove the constraints from the power spectrum.
Weak-lensing-selected clusters are detected on a mass
map derived from the data used to measure the power
spectrum and the bispectrum. Hence, they come at no
extra cost, contrary to X-ray or optically-selected clus-
ters. Defined as peaks with S/N greater than a cer-
tain threshold νth, they are the resolved part introduced
above.
Once halos are selected, one can add information to
their single S/N distribution, e.g. by introducing their
redshift and mass, and thus measure their abundance as
a function of those quantities. Hereafter, we investigate
the constraints on cosmological parameters provided by
four kinds of halo counts. With increasing information,
we look at (1) counts as a function of halo’s S/N only ;
(2) counts as a function of halo’s mass ; (3) counts as a
function of halo’s redshift ; and (4) counts as a function
of halo’s redshift and mass.
In the remainder of this paper, we assume that the
weak lensing selection function is perfectly known. We
neglect the nuisance parameters commonly used to ac-
count for the imperfect knowledge of the relation be-
tween an observable and a cluster’s mass (e.g. Hu 2003;
Lima & Hu 2004; Majumdar & Mohr 2004).
2.3. Constraints on cosmological parameters
Fisher matrices allow one to characterize how a set of
observables x is able to constrain a set of parameters p
around a fiducial model. The associated Fisher matrix is
defined by (e.g. Hu & Tegmark 1999)
Fαβ = −
〈
∂2 lnL
∂pα∂pβ
〉
. (6)
where L(x,p) is the associated likelihood.
Given a fiducial model, the inverse of the Fisher ma-
trix F−1 estimated in its neighborhood provides a lower
limit to the parameters’ covariance matrix. It thus quan-
tifies the best statistical error that can be reached on the
parameters, σ(pα) >
√
(F−1)αα, where σ(pα) is the 1σ
error on parameter pα marginalized over other parame-
ters pβ.
The Fisher matrices for the weak lensing power spec-
trum, bispectrum and cluster counts can be found e.g.
in Cooray & Hu (2001b); Lima & Hu (2004); Hu & Jain
(2004); Takada & Jain (2004) and Takada & Bridle
(2007).
We aim to determine how to best capture non-
Gaussianities in order to break the degeneracies from
the power spectrum alone. We thus need to combine the
power spectrum with the bispectrum or the halo counts.
To combine two observables D1 and D2, we create the
data vector D = {D1,D2}. The associated Fisher matrix
is F
((1)+(2))
αβ = D
T
,α
[
C((1)+(2))
]−1
D,β .
The rigorous estimation of the combined observables’
covariance matrix,
C((1)+(2)) =
(
C(1) C(1),(2)
C(1),(2) C(2)
)
, (7)
requires the knowledge of the cross-covariance C(1),(2).
The weak lensing power spectrum is dominated by the
most massive halos’ contribution, those which are the
most likely to be detected and taken into account in clus-
ter counts. Hence, the power spectrum and halo counts
are not independent observables : their cross-covariance
is non-zero, and must be accounted for. Nonethe-
less, Takada & Bridle (2007) showed that neglecting it
changes the errors by only a few percent.
Here, we take a different approach, by separating the
contribution of different halos to the power spectrum
(Eq. 5). We combine the counts of clusters with S/N
greater than the threshold νth (the resolved part) with
the power spectrum created by all halos with S/N smaller
than the same threshold νth (the unresolved part). If we
neglect the clustering between halos, the power spectrum
in the unresolved part and the resolved clusters are un-
correlated : the covariance between cluster counts and
the power spectrum vanishes, and we can simply add the
Fisher matrices, F
(c+psunr)
αβ = F
c
αβ+F
psunr
αβ , where the su-
perscript ps
unr
stands for the power spectrum evaluated
on the unresolved part.
As shown by Takada & Jain (2004), the cross-
covariance between the power spectrum and the bispec-
trum has no Gaussian feature, but arises from the five-
point correlation function of the shear field. In such a
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case, it is safe to approximate the Fisher matrix of the
combination between the power spectrum and the bis-
pectrum by the sum of the individual Fisher matrices,
F
(ps+bisp)
αβ ≈ F psαβ + F bispαβ .
3. RESULTS
In this section, we compute and compare the er-
rors on cosmological parameters, that can be reached
by measuring the power spectrum alone, and when
combining it with either counts or the bispectrum.
We assume a fiducial cosmology described by the
parameters (Ωm, ΩΛ, Ωb, σ8, h, n, w0, wa) =
(0.3, 0.7, 0.04, 0.9, 0.7, 1,−1, 0). The Universe’s curvature
is a free parameter, set by the combination of Ωm and
ΩΛ. The evolution of the dark energy equation of state
is parametrized by w(a) = w0 + (1 − a)wa, a being the
scale factor. We assume a Euclid-like survey, 20,000 deg2
wide, with ng = 40 galaxies arcmin
−2 with median red-
shift zm = 1. We assume that the intrinsic shape r.m.s
is σint = 0.3.
To count halos, we use 20 linear redshift bins, span-
ning the entire interval accessible to our fiducial survey
(0 < z < 5) - the highest bins being empty - and 15
logarithmic mass bins (1010h−1M⊙ < M < 1016h−1M⊙
- where the lower bound is small enough so that all clus-
ters detectable by their weak lensing signal are accounted
for) to compute halo counts as a function of redshift
and/or mass, and 15 linear S/N bins for S/N peak counts
(2 < S/N < 20). We estimate the power spectrum in 10
redshift bins (0 < z < 5). For numerical reasons, we
cannot use more than 3 redshift bins to compute the
tomography bispectrum. This is not problematic, since
Takada & Jain (2004) showed that the tomography bis-
pectrum S/N quickly converges to its maximum value,
and almost reaches it for three redshift bins.
Before reporting our results, we would like to refer to
the work of Vallisneri (2008) in which he shows the limi-
tations of the Fisher matrix formalism. In particular, one
must pay particular attention to ill-conditioned Fisher
matrices, the inversion of which is likely to be wrong.
Here, we check the condition number of all of our Fisher
matrices, and consider as good only those with a small
enough condition number so that their inversion can be
trusted. We find that the Fisher matrices for counts as
a function of S/N, of mass and of redshift, are all ill-
conditionned. Therefore, such halo counts cannot give
reliable Fisher constraints by themselves. This is true
for our particular set of parameters though, and could
not be true on other parameter spaces. Looking for such
spaces is beyond the scope of this paper, and we will give
constraints from halo counts only when combined with
the power spectrum, for which the condition number is
low enough to be safe.
The goal of this paper is to compare how cluster counts
and the bispectrum capture non-Gaussianities and break
degeneracies left over by the power spectrum. Conse-
quently, we ignore combining cluster counts with the
bispectrum, as well as combining the three observables
(power spectrum, bispectrum and cluster counts) at a
time.
We evaluate Fisher matrices for power spectra esti-
mated both on all the data and on the unresolved parts
defined by different νth, for the corresponding halo counts
(halos with ν > νth), and for the bispectrum, and the
combinations introduced in section 2.3. Figure 3 shows
the expected errors that they provide, marginalized over
all eight parameters, as a function of the S/N thresh-
old νth. The power spectrum Pκ(< νth) is estimated on
the unresolved part (dashed red), then combined with
clusters counts of clusters (made as a function of mass
and redshift - solid green-, redshift only -solid blue-, mass
only -solid cyan- and S/N only -solid purple). The dotted
black flat line shows the errors brought by the measure-
ment of the power spectrum on the entire data set. Dis-
carding the contribution of the most massive halos (i.e.
the most non-Gaussian features) from the power spec-
trum improves the errors on Ωm and σ8, the errors being
smallest for an optimal threshold νth,opt ≈ 6. Although
the counter-intuitive increase in the performance that we
observe when discarding the resolved part of the data is
not so surprising, since the impact of non-Gaussianities
on the power spectrum is lowered (Shaw et al. 2009 ob-
serve a similar trend for Sunyaev-Zel’dovich clusters), we
should note here that it could be exacerbated if our anal-
ysis is close to the Fisher matrices formalism’s limits.
Moreover, there may be an optimal weighting scheme
that would both allow for the signal in the resolved part
and minimize its non-Gaussian errors. Smaller errors
on the cosmological parameters would then be expected,
since more information (with minimal noise) would be
taken into account than that we use here with the un-
resolved part. Investigating these issues is beyond the
scope of this paper, and we defer it to a later study. The
dark energy equation of state parameters w0 and wa are
less affected by the separation of the power spectrum into
the resolved and the unresolved parts.
Although cluster counts do not provide strong con-
straints by themselves (see below, Table 1), combining
them with the power spectrum improves the errors it
provides, in particular when low S/N clusters are taken
into account. When the clusters considered are signifi-
cant enough, all four kinds of counts perform as well at
capturing non-Gaussianities : the power spectrum pro-
vides most of the Fisher information, and clusters help by
breaking parameters degeneracies, independently of the
way they are considered. Figure 3 shows that this is true
for νth ' 6, a safe threshold to discard false detections
(Pace et al. 2007). Therefore, that makes S/N peaks
counts a direct and efficient probe to combine with the
power spectrum, as shown e.g. by Pires et al. (2009b).
The dash-dotted yellow line on Fig. 3 shows the er-
rors given by the bispectrum, and the long-dashed orange
line shows those given when combining it with the power
spectrum. At low S/N thresholds, when combined with
the power spectrum, the bispectrum and clusters counts
give similar constraints on the four parameters Ωm, σ8,
w0 and wa. At higher thresholds the bispectrum gives
better constraints than clusters counts on the dark en-
ergy parameters, yet errors remain comparable for Ωm
and σ8.
Table 1 lists the marginalized errors on all of our eight
parameters, as well as those of the dark energy equation
of state wp at the pivot point (section 3.1), for the mea-
surements and combinations considered, with νth = 6.
Halo counts (excepted counts as a function of redshift
and mass) are plagued by ill-conditioned Fisher matri-
ces, and we do not consider them alone. Nevertheless,
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Fig. 3.— Marginalized errors on cosmological parameters, as a function of the threshold between resolved and unresolved parts. Top-left:
Ωm. Top-right : σ8. Bottom-left : w0. Bottom-right : wa. Different colors and line styles label different measurements : power spectrum
on all the data (dotted black), power spectrum on the unresolved part (dashed red), bispectrum (dash-dotted yellow), and combinations of
the power spectrum on the unresolved part with clusters counts as a function of redshift and mass (solid green), redshift only (solid blue),
mass only (solid cyan), S/N only (solid purple) and with the bispectrum (long-dashed orange). Note that the y-scale is not the same for
top and bottom panels.
TABLE 1
Marginalized absolute errors on cosmological parameters.
Pκ P
unr
κ Bκ n(M, z) P
unr
κ + n(M, z) P
unr
κ + n(z) P
unr
κ + n(M) P
unr
κ + n(ν) P
unr
κ +Bκ Pκ +Bκ
Ωm (0.3) 0.0049 0.0027 0.0047 0.070 0.0024 0.0024 0.0026 0.0026 0.0021 0.0023
ΩΛ (0.7) 0.024 0.012 0.019 0.254 0.0099 0.010 0.011 0.011 0.0087 0.0094
Ωb (0.04) 0.015 0.015 0.016 0.656 0.013 0.014 0.014 0.014 0.008 0.008
σ8 (0.9) 0.0086 0.0039 0.0065 0.112 0.0032 0.0034 0.0036 0.0036 0.0029 0.0033
h (0.7) 0.091 0.086 0.122 3.59 0.077 0.079 0.079 0.085 0.048 0.051
w0 (-1) 0.040 0.041 0.031 0.283 0.023 0.024 0.025 0.025 0.016 0.016
wa (0) 0.147 0.133 0.156 2.179 0.062 0.063 0.064 0.064 0.055 0.063
wp 0.022 0.015 0.013 0.252 0.014 0.014 0.015 0.015 0.0049 0.0045
n (1) 0.020 0.021 0.038 1.00 0.018 0.018 0.019 0.020 0.011 0.012
The S/N threshold between the resolved and unresolved parts is set to νth = 6.
The central value for the parameter in our fiducial model is given into parenthesis in the first column.
We ignore combining the power spectrum with the bispectrum and cluster counts at a time (see main text).
since counts as a function of S/N, of mass alone and
redshift alone contain less information than counts as a
function of mass and redshift, their expected constraints
are weaker than those listed in table 1 for counts as a
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Fig. 4.— Dark energy FoM, as defined by Eq. (8), as a function
of the threshold between the resolved and the unresolved parts, for
the same measurements as in Fig. 3, labeled with the same colors
and line styles. Thick lines denote measurements made with the
power spectrum estimated on the unresolved part, and thin lines
take the entire information into account in the power spectrum
estimation.
function of mass and redshift. We also list in the ta-
ble the errors provided when combining the bispectrum
with the power spectrum estimated on all the data. Al-
though this combination is not explicitly shown on figure
3, it can be drawn from the high S/N threshold-limit of
the combination of the bispectrum with the power spec-
trum estimated on the unresolved part (long-dashed or-
ange line). The table emphasizes the conclusions given
by figure 3. The four combinations of clusters counts
with the power spectrum give similar constraints, that
are comparable to those provided by the combination of
the bispectrum and the power spectrum. Furthermore,
although the bispectrum and the power spectrum give
comparable errors, combining them breaks degeneracies
and lowers errors by a factor ≈ 2.
Pires et al. (2009b) looked at how several statistics
(clusters counts, bispectrum, skewness, kurtosis) break
the Ωm-σ8 degeneracy, and reported the high efficiency
of cluster counts. They found that the skewness could
also discriminate against models, but that the bispec-
trum, when using only equilateral triangles, gave poor
results. We expand their work by taking into account all
triangle configuration when computing the bispectrum,
and add it to clusters counts as an efficient way to break
degeneracies (see section 3.2.2). In particular, Fig. 3
shows that this conclusion is true not only for the Ωm-
σ8 degeneracy, but also for the dark energy equation of
state.
3.1. Dark energy plane
We now specialize the discussion to the dark energy
figure of merit, as defined e.g. by Albrecht et al. (2009),
Fde = 1
σ(wp)σ(wa)
(8)
Fig. 5.— Constraints on the Ωm-σ8 plane, when all other param-
eters are kept constant, for a 20,000 deg2 survey, and no tomog-
raphy. Filled ellipses show constraints from the power spectrum
(cyan), S/N peak counts (grey), cluster counts as a function of
mass and redshift (green) and bispectrum when all triangle config-
uration are taken into account (yellow); the constraints obtained
from the bispectrum when taking into account equilateral trian-
gles only get out of the frame. Open ellipses are constraints from
combining the power spectrum with the bispectrum (all triangle
configurations - blue), with peak counts (black) and cluster counts
(red).
where wp is the dark energy equation of state at the pivot
redshift, where the dark energy is best constrained. The
errors on wp are listed in Table 1.
Figure 4 shows the dependence of this figure of merit as
a function of the S/N threshold νth between the resolved
and the unresolved parts of the data. The color code
and line styles are the same as those used for the previ-
ous figure. Thick lines show the FoMs when the power
spectrum is estimated on the unresolved part, and thin
lines show the FoMs when it is estimated on all the data
(we neglect the covariance between the power spectrum
and cluster counts).
Considering the power spectrum on the unresolved
part only (dashed red) slightly improves the FoM. This
holds true when combining clusters with ν > 5. The
bispectrum gives a higher figure of merit than cluster
counts, and depends very weakly on νth. Only at low
S/N do the figures of merit compare.
Clusters counts, when the selection function and the
contamination are controlled well enough to allow one to
consider a very low S/N threshold, and the bispectrum
are comparable at extracting non-Gaussian aspects in
a weak lensing survey and at constraining dark energy.
On the other hand, if we use a safe threshold for clus-
ters detection (νth ≈ 6), the bispectrum becomes better
than clusters counts to break degeneracies and to mea-
sure dark energy.
3.2. Comparison with other works
3.2.1. Peak counting
In two recent papers, Dietrich & Hartlap (2009) and
Kratochvil et al. (2009) show with numerical simulations
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how powerful weak lensing peaks counting is at con-
straining Ωm and σ8, and w, respectively. These appear
to contradict our results, in which we saw that if indeed,
counting peaks efficiently captures non-Gaussianity and
breaks power spectrum degeneracies, it does it only when
combined with the power spectrum, but gives poor con-
straints when used alone (Table 1). A concern expressed
by the aforementioned authors is that they varied only
their parameters of interest (Ωm and σ8 or w), and defer
marginalizing on other parameters for later works. In our
analysis, we indeed marginalized on eight parameters.
To show that this considerably lowers the constraints,
we make the same kind of analysis, by varying Ωm and
σ8 only, as done by Dietrich & Hartlap (2009). For sim-
plicity, we do not separate the power spectrum into re-
solved and unresolved parts, but consider the total power
spectrum only, without tomography. Since our analytical
model cannot fully reproduce their taking into account
cosmologically significant false detections (peaks that do
not correspond to a single, localized, virialized cluster,
but that are instead due to mass alignments along the
line of sight), we use counts as a function of S/N as a
proxy of their measure. We use a detection threshold
νth = 3. Figure 5 shows how counting peaks (grey filled
ellipse) compares to the power spectrum (cyan filled el-
lipse) in that case. The black open ellipse shows the com-
bination of the two. As shown by Dietrich & Hartlap
(2009), peak counts indeed is an efficient cosmological
tool when varying Ωm and σ8 only. Marginalizing on
other parameters hampers its ability to perform, as we
showed above, unless combined with the power spectrum.
However, since our model does not catch filaments and
significant false detections, as Dietrich & Hartlap (2009)
and Kratochvil et al. (2009) do, our conclusion about
cluster counts alone may be over-pessimistic. Therefore,
it will be valuable to adapt their simulations to higher
dimensional parameter estimations.
3.2.2. Bispectrum : the need for all triangle
configurations
Looking for the best statistics to discriminate models,
Pires et al. (2009b) conclude that peak counting is the
best way of breaking the Ωm−σ8 degeneracy, with other
third-order statistics (such the skewness) also being able
to break degeneracies. In that work the bispectrum in
particular was found to be weak at breaking degenera-
cies. This apparent discrepancy with our findings here,
where we find that combining the bispectrum with the
power spectrum is comparable to combining peak count-
ing with the power spectrum, comes from the fact that
the bispectrum presented here uses all triangle configu-
rations, while the bispectrum in Pires et al. (2009b) used
only equilateral triangles.
To emphasize the importance of considering all tri-
angle configurations when computing the bispectrum,
we compute the constraints expected on Ωm and σ8,
while keeping all other parameters fixed, as in Pires et al.
(2009b), from the power spectrum, the bispectrum with
all triangles information or only equilateral triangles,
and cluster counts. We use one redshift bin. Our an-
alytical model does not allow us to compute Pires et al.
(2009b)’s Wavelet Peak Counts (counts of clusters in dif-
ferent wavelet scales), so we use the counts as a function
of mass and redshift as a proxy.
Figure 5 shows how constraints from these measure-
ments compare. The cyan filled ellipse shows constraints
from the power spectrum, the green one, constraints from
cluster counts, and the red open ellipse their combina-
tion. As shown by Pires et al. (2009b), cluster counts are
very efficient at grabbing non-Gaussianities and breaking
the power spectrum degeneracies in that particular case.
The yellow filled ellipse shows constraints from the bis-
pectrum, when the information from all triangle config-
urations is taken into account, and the blue open ellipse
shows constraints from combining this bispectrum with
the power spectrum. As mentioned above, the bispec-
trum (with information from all triangle configurations)
provides tight constraints, and is as efficient as cluster
counts at capturing non-Gaussian features. However, we
find that when taking into account only equilateral tri-
angles when computing constraints from the bispectrum,
the errors on the parameters reach 100%, making such
a measurement extremely low efficiency. The frame of
Figure 5 is much too small to show the associated el-
lipse. Consequently, we concur with Pires et al. (2009b)
when claiming that the bispectrum measured with equi-
lateral triangles only does not allow one to break the
power spectrum degeneracy between Ωm and σ8.
Coming back to our 8-parameters analysis, we notice
the same behavior as that mentioned in the above para-
graph. To capture non-Gaussian features and efficiently
break degeneracies left over by the power spectrum, one
has to take into account all triangle configurations when
measuring the weak lensing bispectrum. Equilateral tri-
angles only do not provide any cosmological constraints.
4. CONCLUSION
We investigated how to best capture non-Gaussianities
in weak lensing surveys so as to break degeneracies left
over by the power spectrum in weak lensing analysis, by
means of combining it with galaxy clusters counts and
with the weak lensing bispectrum. To this end, we com-
puted, in the halo model framework, the power spectrum,
the bispectrum and four kinds of halo counts (as a func-
tion of S/N, mass, redshift, and mass and redshift), in a
Euclid-like survey. We have computed the errors on cos-
mological parameters brought by the combination of the
power spectrum with the bispectrum, and of the power
spectrum with clusters counts. We have emphasized our
discussion on the varying dark energy equation of state,
the mass density parameter Ωm and the amplitude of
density fluctuations σ8, marginalized on a 8-parameter
cosmological model. We did not take any prior from
outside weak lensing (e.g. CMB priors), so as to show
how a weak lensing survey alone can allow us to capture
non-Gaussianities, and what constraints we can expect
from it on cosmological parameters.
When computing the power spectrum, we have sepa-
rated the contribution of the resolved and the unresolved
parts of the data, delimited by a S/N threshold νth. Do-
ing so, we noted an improvement in errors on cosmolog-
ical parameters.
Although peak counts alone are powerful at constrain-
ing Ωm and σ8 when other parameters are kept con-
stant (as shown by Dietrich & Hartlap 2009), we have
seen that marginalizing on a 8-parameter space make
them provide only weak constraints, unless combined
with the power spectrum. We have indeed shown that
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when combined with the power spectrum, cluster counts
provide percent level marginalized errors on cosmologi-
cal parameters. Furthermore, provided that the thresh-
old is high enough (νth ≈ 6), all four kinds of cluster
counts we consider give similar constraints. Hence, com-
bining the power spectrum with S/N peak counts gives
constraints nearly as tight as combining the power spec-
trum with clusters counted as a function of redshift and
mass. Galaxy clusters provide the same non-Gaussian in-
formation, independently of the way they are taken into
account, as long as they are combined with the power
spectrum : different cluster counts break degeneracies in
a similar way. This will allow us to put stringent con-
straints on cosmological parameters from weak lensing
alone, by combining S/N peaks with the power spectrum,
without any extra cost and requirement of follow-up for
clusters’ redshift and mass measurement.
We have shown that the weak lensing bispectrum ef-
ficiently captures non-Gaussianities, and is marginally
more efficient than cluster counts at breaking degen-
eracies left over by the power spectrum. Furthermore,
the bispectrum alone provides constraints comparable to
those given by the power spectrum. We have expanded
Pires et al. (2009b)’s conclusions by adding the bispec-
trum to clusters counts as efficient tools to capture non-
Gaussianities. We also noted that equilateral triangles
alone do not bring significant information. To provide
percent level constraints, all triangle configurations must
be accounted for when measuring the weak lensing bis-
pectrum.
All our results are based on a Euclid-like survey, and
may not be directly applicable to current surveys such
as the Canada-France-Hawaii Telescope Legacy Survey
(CFHTLS) or the Cosmic Evolution Survey (COSMOS).
In particular, on current surveys, the cosmic variance
could play an important role in lowering the ability
of the bispectrum to be more efficient than S/N peak
counts. How those two measures compare to capture
non-Gaussian features could then depend on the survey’s
characteristics. This question is beyond the scope of this
paper, and will be addressed in a subsequent work.
We have assumed that all systematics were well ac-
counted for so as not to bias our results. Although that
can seem over-optimistic, the amount of efforts currently
underway to correct for various systematics gives us good
reasons to think that our assumption is likely to be met
when a Euclid-like survey is undertaken. Moreover, al-
lowing for systematics requires a more sophisticated anal-
ysis than the Fisher matrix (Amara & Re´fre´gier 2008).
We defer it to a future paper, looking at how systematics
enter in the correlations between different statistics.
In light of our results, it appears that weak lensing sur-
veys alone will be able to reach the percent accuracy on
the dark energy equation of state parameters. Moreover,
it provides us with ways to cross-check the parameters’
measurements. For instance, after measuring the power
spectrum, counting S/N peaks provides an easy and fast
way to optimally capture non-Gaussianities and tighten
constraints. Then, the bispectrum and its combination
with the power spectrum should give consistent parame-
ters’ estimation and similar constraints. However, mea-
suring the bispectrum on half the sky will constitute a
real challenge. Along with already existing robust and
fast algorithms (Jarvis et al. 2004; Zhang & Pen 2005),
new ones are being developed (e.g. Berge´ et al in prep
and Semboloni et al in prep) to measure either the 3PCF
in real space or the bispectrum in Fourier space (as pro-
posed by Pires et al. 2009a). In the meantime, more and
more precise numerical simulations will be a needed tool
to test and tune those algorithms, and current surveys
such as the CFHTLS and COSMOS are ideal benchmark
to test codes in the real world.
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istered by Oak Ridge Associated Universities through a
contract with NASA. This work was carried out at Jet
Propulsion Laboratory, California Institute of Technol-
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APPENDIX
A - HALO MODEL
Presented as an alternative to fitting functions based on numerical simulations, the halo model for large-scale
structures describes structures as spherical haloes - see Cooray & Sheth (2002) for a review. In this framework, the
large-scale structures statistics can be described by correlations within a same halo (the profile of which affects them)
and between different halos (the clustering of halos is thus naturally taken into account). Although being simplistic,
the model agrees fairly well with common numerical simulations. Here, we summarize its key ingredients : the mass
function, the profile of halos and the halo bias. We also give the expressions for the 3D dark matter power spectrum
and bispectrum.
Mass function
The comoving number of virialized halos, whose mass ranges between M and M +dM and redshift ranges between
z and z + dz, is given by (Press & Schechter 1974) :
n(M, z)dM =
ρ0
M
dν(M, z)
dM
f(ν)dM (A1)
where ρ0 is the Universe’s current background density and ν(M, z) = δc(z)/σ(M). δc(z) is the non-linear overdensity
of a halo collapsing at redshift z. In a dark energy universe, δc(z) depends weakly on cosmology, especially on the
dark energy’s equation of state w. We use Weinberg & Kamionkowski (2003)’s fitting function to compute δc(z;w).
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This fitting function is valid for constant w only, therefore we compute it using an effective equation of state weff(a) =
w0 + (1− a)wa. The r.m.s of the mass fluctuations in a sphere containing a mass M at redshift z is defined by
σ2(M) =
1
(2π)3
∫
d3kP lin(k)|W (kR)|2 (A2)
where P lin(k) is the three-dimension linear matter power spectrum, R = (3M/4πρ¯)1/3 is the radius of the considered
sphere, and ρ¯ is the mean background density. The window function W (x) = (3/x3) [sin(x)− x cos(x)].
A couple of mass functions have been described in the literature (Press & Schechter 1974; Sheth & Tormen 1999;
Jenkins et al. 2001; Tinker et al. 2008). We use that of Jenkins et al. (2001), f(σ) = aj exp(−| lnσ−1 + bj|cj ), where
aj = 0.315, bj = 0.61 and cj = 3.8.
Profile
The top-hat collapse model for structure formation describes the matter infall on the gravitational wells until
virialization. At this stage, non-linear physics takes place, that further modifies the virialized halo profile, and that
must be assessed through numerical simulation. Navarro et al. (1996) showed that the mass profile of such virialized
halos can be described by a “universal” profile,
ρ(r|M) = ρs
(r/rs)α(1 + r/rs)β
, (A3)
where rs and ρs correspond to a characteristic radius and density, respectively, and (α, β)=(1,2) for the usual NFW
profile, that we use in this paper.
The mass of a NFW halo is then given by M =
∫ rvir
0
dr4πr2ρ(r|M), where rvir is the halo’s virial radius. In
theory, a NFW is infinite, but we assume here that it is truncated at rvir. The virial and characteristic radius are
linked by rvir = crs, where c is the halo’s concentration, that can be parametrized, following Bullock et al. (2001) and
Dolag et al. (2004), by
c(M, z) =
c0
1 + z
(
M
M∗(z = 0)
)−β(z)
. (A4)
In this equation, M∗(z = 0) is the non-linear mass scale, defined as ν(M∗, z = 0) = 1. In contrast to earlier works
(Bullock et al. 2001), we add an extra redshift-dependence in the parameter β. Based on Zhao et al. (2003, 2008);
Duffy et al. (2008) and Gao et al. (2008), it allows us to avoid the catastrophic drop in concentration observed on
simulations for high redshift, massive halos, as parametrized by Bullock et al. (2001) with a constant β. We find that
c0 = 8 and β(z) = 0.13 − 0.05z, besides agreeing with Duffy et al. (2008); Gao et al. (2008); Zhao et al. (2008), and
with Bullock et al. (2001) at low redshift, gives us the best agreement between the halo model and the Smith et al.
(2003)’s power spectrum and bispectrum. One should note that the concentration has a significant impact on the
1-halo term of the halo model power spectrum and bispectrum, as shown by Huffenberger & Seljak (2003), and thus
a thorough description is needed.
Bias
The bias describes how halos cluster with respect to the matter distribution. It is well described at first order by
fitting functions of the form (Mo & White 1996; Sheth et al. 2001),
b(M, z) = 1− qν − 1
δc(z)
+
2p/δc(z)
1 + (qν)p
(A5)
with q = 0.707 and p = 0.3. We neglect the higher order terms of the bias.
Matter power spectrum and bispectrum
The halo model describes the correlation functions of the density field, in real-space, as the sum of the correlation
between points belonging to a same halo and of the correlation between points in different halos. The same contributions
appear in Fourier space, when defining the power spectrum and bispectrum, which are thus the sum of a 1-halo term
and a 2-halo term (and 3-halo term for the bispectrum) (e.g. Cooray & Hu 2001a), Pδ(k) = P
1h
δ (k) + P
2h
δ (k).
The 1-halo component is given by
P 1hδ (k) =
∫
dmn(m)
(
m
ρ¯
)2
|u(k|m)|2 (A6)
and the 2-halo term is given by
P 2hδ (k) =
∫
dm1n(m1)
(
m1
ρ¯
)
u(k|m1)
∫
dm2n(m2)
(
m2
ρ¯
)
u(k|m2)Phh(k|m1m2). (A7)
The function
u(k|m) =
∫ rvir
0
dr4πr2
sinkr
kr
ρ(r|m)
m
(A8)
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is the Fourier transform of the dark matter density profile. The term Phh(k|m1m2) represents the power spectrum
of halos of mass m1 and m2 and is approximated by Phh(k|m1m2) ≈ Π2i=1bi(mi)P linδ (k), where bi(mi) is halo i’s bias
and P linδ (k) is the matter linear power spectrum. We use the Eisenstein & Hu (1998)’s transfert function to evaluate
P linδ (k).
The 3D matter bispectrum can be decomposed into terms coming from one, two and three halos :
Bδ = B
1h
δ +B
2h
δ +B
3h
δ , (A9)
with
B1hδ (k1, k2, k3) = I
0
3 (k1, k2, k3), (A10)
B2hδ (k1, k2, k3) = I
1
2 (k1, k2)I
1
1 (k3)Pδ(k3) + C.P., (A11)
and
B3hδ (k1, k2, k3) = [2J(k1, k2, k3)I
1
1 (k3) + I
2
1 (k3)]× I11 (k1)I11 (k2)Pδ(k1)Pδ(k2) + C.P., (A12)
where C.P. denotes circular permutations. The J function is given by the second-order perturbation theory
(Bernardeau et al. 2002) :
J(k1, k2, k3) = 1− 2
7
Ω−2/63m +
(
k23 − k21 − k22
2k1k2
)2
×
[
k21 + k
2
2
k23 − k21 − k22
+
2
7
Ω−2/63m
]
. (A13)
The function Iβµ is defined through the Fourier transform of the halo profile u(k|m) (Eq. A8) :
Iβµ (k1, . . . , kµ; z) =
∫
dm
(
m
ρb
)µ
n(m, z)bβ(m)× u(k1,m) . . . u(kµ,m) (A14)
with b0 = 1.
B - SIGNAL-TO-NOISE RATIO FOR A NFW HALO
Here, we specialize the discussion of section 2.1 to an NFW halo. To evaluate equation (1) in this case, we first
need to derive the convergence of such a halo. The mass density, projected along the line-of-sight, of a NFW halo at
redshift z, with concentration c, is given by :
Σ(x) =
∫ √c2−x2
−
√
c2−x2
dzρ(x, z) = 2ρsrsg(x) (B1)
where x = r/rs. The function g depends only on the distance to the halo’s center, and is given by (as long as c > 1)
(Wright & Brainerd 2000)
g(x) =


−
√
c2−x2
(1−x2)(1+c) +
1
(1−x2)3/2 arccosh
x2+c
x(1+c) ,
(x < 1)√
c2−1
3(1+c)
(
1 + 11+c
)
,
(x = 1)
−
√
c2−c2
(1−x2)(1+c) − 1(x2−1)3/2 arccos x
2+c
x(1+c) ,
(1 < x 6 c)
0 (x > c).
(B2)
The halo’s convergence is then, if we assume that all sources are at the same redshift zs,
κ(x, zs) =
Σ(x)
Σcrit
= 2
ρsrs
Σcrit
g(x), (B3)
where the critical density is defined as
Σcrit =
c2
4πG
Ds
DdDds
. (B4)
In equation (B4), c is the speed of light, G the gravitation constant, and Ds, Dd and Dds are the angular-diameter
distances of the source, of the lens, and between the lens and the source, respectively.
To take the redshift distribution pz(zs) of source galaxies, we follow Seitz & Schneider (1997),
Bartelmann & Schneider (2001) and Weinberg & Kamionkowski (2002) and introduce the function
Z(zs; zd) ≡ limzs→∞Σcrit(zd; zs)
Σcrit(zd; zs)
=
Σcrit,∞
Σcrit(zd; zs)
, (B5)
where zd is the lens’ redshift, and Σcrit,∞ is the critical density for a source at infinite redshift. This function
allows us to project sources with a certain redshift distribution on a single redshift zs verifying Z(zs) = 〈Z〉, with
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〈Z〉 = ∫ dzspz(zs)Z(zs; zd). One can then link the halo’s convergence with a source at zs to that with infinite redshift
source, κ(x, zs) = κ(x)Z(zs; zd) (Seitz & Schneider 1997). The convergence given by a source population distributed
in redshift along pz(zs) is then given by κ(x, pz(zs) = 〈Z〉κ(x).
The signal-to-noise ratio (Eq. 1), for a NFW halo is then
νNFW = 2
√
2π 〈Z〉
√
ng
σγ
ρsr
2
s
DdΣcrit,∞
√
G(c) (B6)
where G(c) =
∫ c
0
dx xg(x)2 is a function of the halo’s concentration only, and is well fitted, for 1 6 c 6 200 (the
maximum deviation being of order 0.5%), by
G(c) ≈ 0.131
c2
− 0.375
c
+ 0.388− 5× 10−4c− 2.8× 10−7c2. (B7)
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